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Spontaneous Symmetry Breaking ( SSB )

• Hamiltonian has a symmetry , ground state does not respect that

symmetry .

Landau - Ginzburg theory ( G
,
H )

,
HCG

of phase transition f
symmetry
system v

Different phases symmetry
grand State
( symmetry group G

broken )

Different pair ( G , H )



Order Parameter and SSB

• Concept of order parameter by Landau in the theory of phase
transition .

Physical system exhibits SSB

Identify computation of the
suitable order parameter ( ¢ ) order parameter

write most general potential
• Observations G - invariant in terms of the order
' physical insight parameter



Groupttetionontheorderparamuterspau

• G compact lie Group ,
M differentiable manifold ( points are

values of the order parameter ) .

• Action of G on M : le : Gx re → M

( g ,
→ got

• Isotropy subgroup of 4 : Ha =/ g. EG I got = Of

Physics : transformations left unbroken when
the order parameter takes value 0



Groupttctioniorbits

• Orbit of G through 4 : Cold K t got IgE G l

l
Physics : Broken symmetry transformation

• Potential V invariant under group action :

Vldl = V Cgd ) t ¢ EM
, g EG

L
V is a function on the orbits

✓

Minimization of V on M -3 Minimization of V on the space of orbits



Isotropysubgruyssandstratum

• Points in the same orbit
-) Conjugate isotropy subgroups :

Hg¢ = g Ho, g
- t

• Set of all points with isotropy subgroup conjugate to Hot : Stratum

• Points of the same symmetry
"

class
"

: same unbroken subgroup ,
same symmetry breaking pattern

• Phase diagram : associated with a phase ; phase transition :

¢ moves from one stratum to another



stationarypointsofG-invariantpotentif.TW
0rem ( Michel ) : let G be a compact tie Group acting smoothly

on the real manifold M and let 0 EM . Then the orbit Glo ) is
critical ,

that is
, every smooth real G - invariant function on M

is stationary on Gcd ) if and only if Glo ) is isolated in itsstratum
,
that is there is a neighborhood Uce of 4 such that

Uan Scott = GIO ,

y
• No assumption on the form of the potential

• Conjetune : absolute minima of V ⇒ orbits with maximal
isotropy subgroups . - Not true in general

• Inert States : stationary States of any G - invariant function .



Minimization Of The Potential

• Simplest case : order parameter transforms in an irreducible
representationof the symmetry group . ①

• Most general G - invariant potential up to fourth order

V (d) = - Im
' 114112 tf { A, D.

'" lol)
s Fourth - order invariant

in 0
Pe
'"
cell = 414112 )

'
:

Vid ) = - Im'll 4112 they ( 1110112 )
' ( Ast It , da Aa lot]

Aac 41 =P ( 4) / P!" lol) ⇒ orientation of the condensate



Figt : General shape for a fourth degree figs : Location of the directional minimum
potential for one irrep as the direction changes

• Minimization with respect to 0 is equivalent to successive minimization
with respect to 111011 and Aa

.

• For fixed values of the angles I
2114112

Yields :



111011min = m
'

Vmin 101 = - f- m2 110112min
da t ¥, da Aa

• Absolute minima V ⇒ Maximize 11441min ⇒ Minimize af , da Aa

• For simplicity take three independent quartic invariants Pa
' "
CO )

①
There are 2 angles : Aa

,
it, span target space

Shape : Depends on symmetry group and
representation

Not Depend on da



• let 's denote Elita ) = E X, it, 10)
LII

I
set of constant Elite ) is in the

(Aa
,
As ) - plane represented by straight lines

• Value of Elite ) too low ⇒ does not intersect target space
I

No 4 for this E- ( Ace )

• T Elita ) ⇒ touches target space for the first time

①
Absolute minimum of Elton)

I
Absolute minimum of Vcd)



• Varying the couplings da ⇒ scan

the whole phase diagram .

• Shape of order parameter does not

depend on da .

• Any value of Ida
,
1131 ground state

( minimum energy state ) is represented
by point on the boundary of target space .

• Boundary concave : 412,113 ) change smoothly ⇒ ground state changes
abruptly

• Boundary convex : ( da
,
Xz) change smoothly ⇒ ground state changes

continuously



Exampu:Spin-OneproWtor

• Viable candidate for the ground state of cold dense quark matter
.

• Objective : phases of the groundstate of the spin - one colorsuperconductor

1- Identify Suitable Order Parameter

• Order parameter can be represented by 3×3 complex matrix Aai

which transforms as :

A - Uber

UE 5h13 ) X UIL ) I 413102
,
RE 50131N



• Classification of all possible inegvivu lent forms of the order para
.

meter based on two claims :

Theorem 1 : The order parameter can always be brought to the form :

a. f-
'

i'
as

iaa: int: ) ④

- ia , ia
,

with real parameters Aj , aj . Being an hermitian matrix

Theorem 2 : let the order parameter have the above form and UEU 13h and
NE SOC3) u . Then :

unten -_ a

if and only if UA = A
,
NTA N = A .

④ Invariance under GI 4131 X 50131N ⇒ 18 independent variables reduce to

6 independent variables



2- Classify Forms of D that leave some continuous subgroups of
G unbroken

• This analysis can be simplified by theorem 2 ,
one can separately

investigate invariance under 413193 and 5013) v -

Invariance Under SO (3) u

• A is hermitian ⇒ a = Sti A

• Action of 50137 u on a : RT ( Sti A) n = Nts n t i RTAR

I

To compute the isotropy subgroup
of 5013W

, compute for A and S separately



• S is symmetric and real ⇒ diagonalizabu

⇐ to :O. !)
* at::÷

.

'

÷::*: :
"

::S:c
.. .am.ms. .

Vector Ii = Cat
,
as

,
as )

statement i RTAR = R fag! ) ,
RE 50137

• Isotropy subgroup of A ⇒ notations that leave Ti invariant .



• A = Sti A ⇒ To leave a invariant it has to leave s and

A invariant

Common symmetry of sand A

statement : S possesses the same symmetry as A if and only if this

quadratic surface is axially symmetric with axis given by a
'

.

• S has this symmetry ⇒ Sij =L Sijtpaiaj

I

since S is diagonal :

•

B = O
• at most one of the ai 's to



④

⑤{ .

. Oblate

a- = 10,0 ,
as ⇒ A -_ fog § § ]

Sij =L Sig t paiaj ⇒ Sti
.

= h 522=2 533 = Ltp

⇐ too :&
.]



a-- stia
-

- fig
"

! !) -

- fig in E.)
⇒ Isotropy subgroup are the rotation matrices that leave 10,0 , a )
invariant

1
notation of a plane

is represented by 5012) v

• In the first line : A more specific ⇒ more symmetry ⇒ bigger isotropy
subgroup

• A
,
CSL and polar have strata with a fixed representative ( not

depend on aj , Aj ) I
strata has one orbit ⇒ Inert States



3- Decide which of these phases occupy a part of the phase
diagram

• One writes the most general 6=4131ex 5013in invariant potential :

vial = - ad m2 t f- £, da B'
"
lat

• There are three independent quartic invariants that have the following
expressions :

Pe
'"

(Al = (Tr ( Aat ! ]
'

B
'"

(A) = Tr (Aat Aat )

B
'"
(A) = Tr ( AAT ( AATH )



• Minimum of the potential ⇒ vertices of the target space
I

shape of the target space
depends on B

'"

• let 's consider the following four theorems which are just inequalities
satisfied by the three independent quartic invariants

I
inequalities determine

the target space

Theorem 3 : The invariants Pe
'"

and Pa
' "

satisfy the following
inequalities :

yep,
'm
e p,

'"
E Pe

' "

The first inequality is saturated Iff
A is of type CSL the second is saturated

iff A has rank 1 .



Theorem 4 : the invariants Pa
' " '
and B

' "

satisfy the following
inequalities :

OE P
,

' "
s P
,

'"

The first inequality is saturated iff A is of type A the second is

saturated iff A is real .

Theorem 5 : the invariants PI"
,
Pa ' " , B

'"

satisfy the following
inequality :

f- Pe
'"

E P
,

"'t P
,

' "

The inequality is saturated iff A is of the type oblate with

A-a = FATE .



Theorem 6 : let B
'"
E GI Pe

' "
.
Then the invariants P

,

"'

,
Pa ' "

and P
,

"'
satisfy the following inequality :

prime Pmi + TEE

The inequality is saturated iff A is of type E .

• For the potential in question one has that :

fPI=m¥,a; Vmin 10K - f- m
'

As t

Aa = PYYP.cn As = B'"Is? ' "

• Interested in minimizing data t d, As ,
but first let 's analyse

da B"' t X, Psl"



^ 113
• da t dz SO

,
da > As

Using theorem 4 and theorems :

'1/1/11 ' da
da Pa

' "
t Az B

'"
= at ( data, ) ( Pa

"'t P,
'" ) tf ( da - Az) ( Pa

' "
- B '

" ' )
- - -

Z F Pe ' " ( theorems) 30 20 ( theorem 4 )

Z 31 ( dat Az ) Pe
' "

• This is an equality iff :P,
' "

= B
' " Pa

' "
= 31 Pe

' "

⇒
B
"'t P

,

"'
= f- Pe

'"
>
B
'"
-

- I Pe
' "

⇒ By theorem 3 phase CSL



nd3
• da t Az ( O

,
As < 0

Using theorem 3 and theorem 4 : Y
' 42

Tt
da Pa

' "
t Az P,

'"
= (dat Xs ) B ' " ' t Az ( P, "' - Pa '" )

--

Lo EO ( theorem 4 )

Z ( dat Az ) B
' " '
Z ( dat 113 ) Pe

' " ( theorem 3 )
-

<o

• This is an equality iff i R ' " = Pg ' " = Pe
' "

=) By theorem 3 and theorem 4 A has to be real and have rank one
I

Polar phase



^ 113
• 112 L O

,

d 3) 0

Using theorem 3 and theorem 4 :

'
da

da Pa
'"
t Az B

' " '
z da Pa

' "
Z da Pe ' "

- -
30 ( theorem 3)

• This is an equality iff : P
,

' "
= 0

I?
"'

= Pa
' "

⇒ By theorem 4 phase A



nd3
• Az ) 11270

µ
I

•

Using theorem 6 and

>
"
L

Cauchy inequality one arrives at the

conclusion that the phase is E. ⑥

⇒ For the different Values of 112,113 Using the inequalities one was

able to minimize

da Pa
'"
t d , B

'"
⇒ minimize D2 Aat Az Az

and obtain the phase present at that minimum



4- Target Space
Csc : P

,

' "
= Is?

' "
⇒ A. = I

B
"'
= ; Pe

' "
⇒ As -_ f-

Polar : Pa ' " = Pa ' " ⇒ A-2=1

B
' "
= Pe ' " ⇒ A

,
=L

A : B ' " ' = o ⇒ As = O

P
,

'"
= I?

"'
⇒ As = I

• There are 3 inert States that occupy the vertices and I non - inert state
.

• Ax line is concave ,
other liners are straight ⇒ inequalities



5- Phase Diagram

* CSL i 423113 n dat 11330

⑨ Polar : 43 CO n dat As CO

* A : ALLO A 43 SO

• E : 1135112 SO



6- Final considerations

• A
,
CSL and Polar have

maximal isotropy subgroups

• E present in the phase

diagram and does not have

maximal isotropy subgroup

Contradiction of
Michel 's conjecture

• Isotropy subgroup of E is a subgroup of the isotropy subgroup of

A ⇒ second order phase transition .
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Annex :

① In the last two references more details can be found about

G - invariant functions and G - invariant polynomials here I will just
make a small summary .

I start by presenting the reason of considering an irreduciblerepresentationof the symmetry group G and then I will explain a little bit more

the G - invariant polynomials .

• One is interested in considering the irreducible representation of G
since Michel 's conjecture is relative to this case and this example was

somehow a counterexample to this conjecture so one had to respect the
conditions of the conjecture . Also considering an irreducible representation of G

assures , as Michel 's explains ,
that the polynomials don't have an extremism in the

stratum of the A that has the smallest conjugation class of the isotropy subgroup

excluding a
"

maximal symmetry breaking
"

for the representation .

More details about Michel 's conjecture and also the effects on the G - invariant

polynomials of considering this type of representation can be found in Michel 's

paper which is the second to last in the references .



Now I will explain a little bit more about G - invariant functions like the

potential of the system and the G - invariant polynomials more details about

this can be seen in the last two references .

• As it was explained before orbit spaces are useful to study functions
that are invariant under the transformation of a compact symmetry group G

,

these invariant functions are constant on the orbits and so may be studied

using functions defined on the orbit space of the group action .

In the specific example that is being considered : the spin one color

superconductor 6=4131
,
X Socan is the compact symmetry group which acts

linearly on a manifold ME IR
's

.

The polynomial functions defined in 1h18 form an algebra indicated with

IRC Ints) . G acts naturally on Man's ] :

(gpllnl = plg - t n ) g EG , HPE MCM
's ]

,
ne 1h18

p E In [ Into] is G - invariant if gp =p V g EG .
The G - invariant realpolynomialfunctions on Int ' form an algebra indicated by INGRATE



By Hilbert 's theorem on invariants
,
Inc Ints )

G
is finitely generated ,

that is

there exists Ps ,
. . .

, Pg E Inc Ints ]G such that t p E Inc Ints ]G there is a unique

polynomial f in g indeterminate such that :

18

pint = f ( Pstn ) , . . .

, pgln ) ) tf NEM

The invariant polynomials pi. .
. . .

, pg are called basic invariant polynomials
( these are the Pa considered during the presentation ) , they can be choosers to be

real and homogeneous .

These basic polynomials separate the orbits in the sense that given two
different orbits at least one of the g basic polynomials takes a different

value on the two orbits .
So
, this means that the orbit map :

18 9
F : in - In 18

U - FIN =(pains , - . .

, Pg in) ) maps In into

9
a subset SC in in a way that there is a one to one correspondence between

orbits in 1h18 and points in S
,
there is a diffeomorphism between



the orbit space In'8% and the set S and for this reason S can

be identified with the space of orbits .

Every G - invariant function such as the potential of the physical
system may be expressed ,

then
,
in a unique way as a polynomial function

of the G- invariant polynomials : p, ,
. . .

, pg ,
hence the form of the potential

presented during the presentation .

The degree of these polynomials is determined by the group G
,
also

the form they have depends on the representation of the group G .

The number of polynomials considering the diffeomorphism between the space
of orbits and S

,
then the number of the invariant polynomials is just given

by the dimension of the space of orbits . In order to compute the dimension
of the space of orbits I will Use the following geometry theorem :

Thm : let G be a compact lie group acting smoothly on the manifold M

such that MIG is connected .
If P is a principal orbit ( an orbit of maximum

dimension ) then

dim ( Mlb ) = dim IMI - dm ( P)



Now in this case since ME 1h18 then dim ( M ) -_ 18
,
also in order to

find the dimension of the orbit of maximum dimension one just needs to

subtract to the dimension of the group the dimension of the minimum isotropy
subgroup . Now the minimum isotropy subgroup is the trivial subgroup
111 which corresponds to A having all entries different from zero , it

doesn't appear on the table since there aren't any ground States with

this isotropy subgroup . However considering this minimum isotropy subgroup
its dimension is zero and so the dimension of the orbit of maximum

dimension will just be the dimension of the group G :

G = Ulsh X 50131N

dim (G) = dim tub ) ) t dim 15013 ) )

= ( 3)
2
t 313--17 = 12

2

This then means that dim IP ) = dim IG) = 12



By the theorem I presented above then I have that :

dim ( in
' ' lo ) = dim ( in 's ) - dim ( P )

= 18 - 12=6

Therefore the dimension of the space of orbits is 6 .

In the potential that was presented there were only 3 invariant polynomials
these will therefore not be enough to parameterized the space of orbits . These

invariant polynomials will however define a non - injective map from the space of

orbits to 1ns
,
after introducing the Angles Aa , As it reduces to In

'

.

The article that I mainly followed for the whole presentation , which is the

second in the references
,
States without demonstrating that in the spin one color

superconductor there are only 3 invariant polynomials independent of fourth - order
.

This does not mean that there are only 3 invariant polynomials but rather that

there are only 3 independent of fourth - order . As Michel 's explains in his article

the invariant polynomials of fourth - order are ( for most of the systems ) the

only important polynomials to explore symmetry breaking .



② 5613) X UIL) I 413 )

let 's take the following surjective homomorphism :

Y : 5413) XUII ) - 4131

cuz ' - a. (EEE )00

By the isomorphism theorem one has that (suis) XUHI )/kery is

isomorphic to 413) . So one needs to compute the kernel of this

homomorphism

Ker y = { ( U , -2 ) ESU 131×4111 : U - [&¥¥) = If



" CE :&
.

] -- E : :p ⇐ to f. ut
I

Applying the determinant to

both sides of this equation :

2-
3
= def ut

SU 131=1 U E 413) : det U = If = 1

. Therefore Z is the 3 - th root of 1
. This then means that

Ker U = 23

Then by the isomorphism theorem :



UT : sub ) X Ultyz
,

- 413)

where UT is an isomorphism . The following diagram is

commutative :

5413 ) X UCI ) I 4131

IT I T
YSUI3) XUHYE

,

Ba



③ 4131 c has nontrivial isotropy subgroups if and only if the matrix

A- has zero modes
.

Specifically the isotropy subgroup will be 41mL where n is the

number of zero modes of A .



④ 5012) is isomorphic to a subgroup of 50131 So one can say
that 5012) is a

"

subgroup
"

of 5013) .

let 's consider the following :

V : 5012) - 5013 )

"

R 07n - Lo t )

This is clearly an homomorphism ( with matrix multiplication )
since 41ns - ha) = VCRs ) . 41ha ) .

It is bijective so it is an

isomorphism.

Let's take RE 50121 n=[I f ) then :

{
nnt -- I

def R=1



let ' s take one element of 5012 ) i

n -- C:
a. Now let's see what is the farm that the order parameter A takes

so that it leaves 50121 Unbroken ( I will do reverse engineer ig to check

the form of a ) :

4 Int ) A 41hL = A

iii. HE:÷i÷. Eo It. ÷i÷
.

⇒ l÷÷i÷: =l÷÷i÷÷÷÷I



From this last equation one has that :

D2 = At

Az = as{ at = -

ay
⇒ 292=0 ⇒ as =o ⇒ as =o

At = as

Az = A

since aa = at = o and Aa = At then I can rename the Variables :

At = Aa - A ,

Az - AL
A 3 - a

Then the form of the order parameter is :

a =/?'g info, 8g
,
] Which is the one on the table



⑤ In order to explain what happens in the first line of the table
above let's make an analogy :

' consider the action of St on the sphere that just rotates the

sphere . It is pretty clear that the isotropy subgroup of all the points

except the poles is just the trivial subgroup whereas the isotropy
subgroup of the north and South poles is 51 .

Now consider that besides St there is also another group G

acting on the sphere such that it has different isotropy subgroups for
the north and south pole . Then it is necessary to study the poles
individually .

What is happening in the first line is precisely this , despite
having as an isotropy group 5012) v the different a presented have
different nontrivial isotropy subgroups of Ulsh .

⇒ In the second line they all have I =J so A = S in terms of the

isotropy subgroups of 5013)v . The last two in this line Ns and Na

completely break the 50131 v symmetry .



⇒ Finally looking at the isotropy subgroup of the cylindrical
and E phase ( or the phase A and polar) one may ask why they
are not the same phase since their isotropy subgroup is the

"
same

"
.

The answer here is actually precisely in the meaning of same
,

indeed in both cases the isotropy subgroups are isomorphic , however
as it was explained during the presentation the table shows the different

stratum and in order for two different A to be in the same stratum their

isotropy subgroup have to be not only isomorphic but conjugate as

well .

There are three options :

• The two A can be in the same orbit and therefore they have
conjugateisotropy subgroups and the conjugacy defines an isomorphism between

the subgroups ( natural isomorphism)

• The two A can be in different orbits however their isotropy subgroups
are conjugate of one another . These A and the ones from the point above

are all in the same stratum



• The two a can have isomorphic isotropy subgroups however the
w

two A are not in the same orbit and their isotropy subgroups
are not conjugate of one another ( accidental isomorphism ) .

#

If the As are being grouped
depending on wether they are on the same

stratum then in this case they are considered

two different As .

⇒ This last case is precisely what happens with the cylindrical and
E but also with A and polar .



⑥ None of the phases A
, polar , CSL provide a minimum

of the potential for Az > da SO .

Let 's then assume i

>
These would be the

P
,

"'
E GI Pe

' "
candidates according to

Michel 's theorem
,

since these are

Using theorem 6 and the Cauchy inequality with the inert States .

he = FEED us = ftp.t
Nt = 1- V2 =1-
m -Xi dat 113

112 Pa"' t Az B
'"

= de l B
'"
- P,
" ' ) t ( dat Az ) P,

'"

= u : t Uf

z
( ht Ns t U2 U2 )

d

-

vs
'
t Na
'



= (PIPE + ppm )
'

=
at ,÷

.

'
- Ii!÷t I

' "

• In order to have equality : Pe
'"
= (f* + Tpp )

'

⇒ By theorem 6 phase E .

no


